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Gravity’s weight on worldline fuzziness
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We investigate a connection between recent results in 3D quantum gravity, providing an effective
noncommutative-spacetime description, and some earlier heuristic descriptions of a quantum-gravity
contribution to the fuzziness of the worldlines of particles. We show that 3D-gravity-inspired space-
time noncommutativity reflects some of the features suggested by previous heuristic arguments. Most
notably, gravity-induced worldline fuzziness, while irrelevantly small on terrestrial scales, could be
observably large for propagation of particles over cosmological distances.
Gravitational phenomena weigh on our daily lives very noticeably, but are the phenomena whose de-
scription is most unknown at subatomic scales. A fair assessment of the present situation is that we have
access to non-gravitational phenomena down to distance scales of the order of 10−20m (LHC scales)
whereas we have so far gained access to gravitational phenomena only at scales no smaller than 10−6m.
The challenge of quantum-gravity research is accordingly overwhelming: we have apparently solid indi-
rect evidence (see, e.g., Refs. [1, 2]) of the necessity of a new quantum theory of both gravitational and
non-gravitational phenomena with onset at a scale of the order of the minute Planck length ℓP (∼ 10−35m),
but any experimental guidance we could seek for attempting to describe this new realm of physics only
concerns much larger distance scales.
Over the last decade there has been a determined effort [2, 3] attempting to improve this state of affairs
by using the whole Universe as a laboratory. We focus here on an intriguing example of how this might
work out, in investigations of the “spacetime-foam" scenario first discussed by John Wheeler in the
1960s [4] (also see Refs. [5–8]). In some recent studies, such as those in Refs. [9–14], the spacetime-
foam intuition has guided efforts aimed at characterizing gravity-induced contributions to the “fuzziness"
of the worldlines of particles. One attempts to describe the dynamics of matter particles as effectively
occurring in an “environment" of short-distance quantum-gravitational degrees of freedom. And it is
expected that for propagating particles with wavelength much larger than the Planck length, when it
may be appropriate to integrate out these quantum-gravitational degrees of freedom, the main residual
effect of short-distance gravity would indeed be an additional contribution to the fuzziness of worldlines.
The idea that this might lead to testable predictions originates from heuristic arguments [9–12, 15–18]
suggesting that these quantum-gravity effects should grow with propagation distance. In particular this
could produce an observably-large contribution to the blurring of the images of distant astrophysical
sources, such as quasars [17, 18].
We here do not review the relevant heuristic arguments. Actually our starting point is the realization
that heuristics was surely valuable for inspiring this phenomenological program, but has run out of steam
as a resource for going forward. This is clear from the ongoing debate concerning the quantitative as-
sessment of the effects to be sought experimentally. Essentially this debate revolves around adopting the
most promising phenomenological formula for the description of the gravity-induced contribution to the
2uncertainty in the localization of a particle after propagating over a distance x, with two (alternative) such
formulas being considered most actively [15–18]
δx
∣∣∣
grav
∼ ℓαP x
1−α (1)
and
δx
∣∣∣
grav
∼
ℓαP p
α
h¯α x =
pα
MαP
x . (2)
In these formulas ℓP denotes again the Planck length, and on the right-hand-side of (2) we rendered
explicit that h¯/ℓP is the “Planck scale" MP (∼ 1019GeV ), x denotes the propagation distance (e.g. the
distance from a quasar to our observatories), p denotes the momentum of the particle, and α is a phe-
nomenological parameter, for which the relevant arguments favor [15–18] values between 1/2 and 1.
The fact that so far we could only rely on heuristic descriptions (which also point in rather different
directions) renders it difficult for anyone to form an opinion on how much effort and resources should
be directed toward developing this phenomenology. The main objective of this essay is to notice that
recent results on quantum gravity in 3D (2+1-dimensional) spacetime can provide insight on this from a
usefully complementary perspective. Studies such as the ones reported in Refs. [19–22] establish that for
3D quantum gravity (exploiting the much lower complexity than for the 4D case) we are able to perform
the task needed for studies of spacetime fuzziness: we can actually integrate out gravity, reabsorbing
its effects into novel properties for a gravity-free propagation of particles. And it turns out that this
produces a theory of free particles in a noncommutative spacetime [19–22], which in particular could
adopt1 “κ-Minkowski" coordinates [23, 24]:
[x1,x2] = 0 , [x j,x0] = iℓPx j . (3)
In other words, upon integrating out the gravitational degrees of freedom, the quantum dynamics of
matter fields coupled to 3D gravity is effectively described [19–22] by matter fields in a noncommutative
spacetime.
Our first observation is that these results on 3D quantum gravity provide some encouragement for
the mentioned hypotheses concerning spacetime fuzziness: at least in the 3D context one does find that,
upon integrating out the gravitational degrees of freedom, the worldlines of particles acquire an additional
source of fuzziness, since this is surely produced by the coordinate noncommutativity.
1 While it is established that the effective spacetime is noncommutative and that it is such that the time coordinate does not commute with the spatial coordi-
nates, there appears to be still some open issues concerning the proper (or at least most appropriate) specification of coordinate noncommutativity [19–22].
A noticeable alternative to the κ-Minkowski coordinates we here adopt is the possibility of “spinning coordinates" such that [xµ,xν] = iεµνσgσρxρ. The
techniques we here develop and use are of general applicability to cases such that the time coordinate does not commute with the spatial coordinates, so
they could be applied also to studies adopting “spinning coordinates".
3In work whose preliminary results we here describe, but shall be reported in greater detail else-
where [25], we have exploited this link for characterizing quantitatively a scenario for gravity’s con-
tribution to the fuzziness of worldlines. For simplicity we focus in this essay on the case of a 2D version
of (3), therefore fully characterized by
[x1,x0] = iℓPx1 . (4)
Our objective is to describe the quantum mechanics of free particles in this spacetime. And this confronts
us immediately with the challenge associated with the fact that in κ-Minkowski the time coordinate is a
noncommutative observable, whereas in the standard formulation of quantum mechanics the time coordi-
nate is merely an evolution parameter (a necessarily classical evolution parameter). In the study recently
reported in Ref. [26] we advocate the possibility of addressing this challenge by resorting to results
obtained over the last fifteen years (see, e.g., Refs. [27–29]) establishing a covariant formulation of or-
dinary (first-quantized) quantum mechanics. In this powerful reformulation of quantum mechanics both
the spatial coordinates and the time coordinate play the same type of role. And there is no “evolution",
since dynamics is codified in a constraint, just in the same sense familiar for the covariant formulation
of classical mechanics (see, e.g., chapter 4 of Ref. [30]). Spatial and time coordinates are well-defined
operators on a “kinematical Hilbert space", which is just an ordinary Hilbert space of normalizable wave
functions [29]. And spatial and time coordinates are still well-defined operators on the “physical Hilbert
space", obtained from the kinematical Hilbert space by enforcing the constraint of vanishing covariant-
Hamiltonian. Dynamics is codified in the fact that on states of the physical Hilbert space, because of
the implications of the constraint they satisfy, one finds relationships between the properties of the (par-
tial [29]) observables for spatial coordinates and the properties of the time (partial) observable. In this
way, for appropriate specification of the state on the physical Hilbert space, the covariant pure-constraint
version of the quantum mechanics of free particles describes “fuzzy worldlines" (worldlines of particles
governed by Heisenberg uncertainty principle) just in the same sense that the covariant pure-constraint
formulation of the classical mechanics of free particles describes sharp-classical worldlines.
This formulation of quantum mechanics is such that both time and the spatial coordinates are operators
on a Hilbert space, which of course commute among themselves but do not commute with their conjugate
momenta, so that in particular in the 2D case one has [29]
[pi0,q0] = ih¯ , [pi0,q1] = 0
[pi1,q0] = 0 , [pi1,q1] =−ih¯ , (5)
The proposal we put forward in Ref. [26] takes this covariant formulation of quantum mechanics as
the starting point for formulating κ-Minkowski noncommutativity: the commuting time and spatial-
coordinate operators of the covariant formulation of quantum mechanics should be replaced by time and
spatial-coordinate operators governed by the κ-Minkowski noncommutativity. Specifically we observe
in Ref. [26] that the κ-Minkowski defining commutator (4) is satisfied by posing a relationship between
κ-Minkowski coordinates and the phase-space observables of the covariant formulation of quantum me-
4chanics (the ones of Eq. (5), here viewed simply as formal auxiliary2 operators [26]) of the following
form:
x1 = e
ℓPpi0/h¯ q1 , x0 = q0 . (6)
And we also show in Ref. [26] that, for consistency with (6), one should introduce translation generators
p1, p0 whose action on functions of κ-Minkowski coordinates, x0,x1, has the following description in
terms of the action of ordinary translation generators, pi0,pi1 on functions of the auxiliary coordinates
q0,q1:
p0 ⊲ f (x0,x1)←→ [pi0, f (q0,q1eℓpi0)] , p1 ⊲ f (x0,x1)←→ e−ℓpi0 [pi1, f (q0,q1eℓpi0)] . (7)
Moreover the “on-shellness operator" (the operator which, for massless particles, should vanish on physi-
cal states, as enforced by the Hamiltonian constraint) should be written in terms of pi1,pi0 of the covariant
formulation of quantum mechanics as follows [26]
H =
(
2h¯
ℓP
)2
sinh2
(
ℓPpi0
2h¯
)
− e−ℓPpi0/h¯pi21 . (8)
One more result which is relevant for the observations we are reporting in this manuscript, among those
we established in Ref. [26], concerns the measure for integration over momenta, needed for evaluating
scalar products when working in the “momentum representation": we found in Ref. [26] that covariance
of the p0, p1-momentum-space integration measure implies that the pi0,pi1-integration-measure should be
ℓP-deformed:
dpi0dpi1 −→ dpi0dpi1e−ℓPpi0/h¯ (9)
These results from our previous study Ref. [26] were all analyzed there exclusively on the kinematical
Hilbert space. The form of the operator H was established, but we did not explore the implications of en-
forcing the Hamiltonian constraint H Ψphys = 0 (for massless particles) in obtaining the physical Hilbert
space. For our purposes here of contributing to the debate on “gravity’s weight on worldline fuzziness"
we must inevitably progress to the next level, working with the physical Hilbert space, obtained by en-
forcing the Hamiltonian constraint.
A key challenge for this objective of the analysis we are here reporting comes from the fact that the κ-
Minkowski coordinates are not themselves natural operators for exploring the implications of the physical
Hilbert space. The reason for this indeed comes from the fact that the Hamiltonian constraint is enforced:
the coordinates do not individually3 commute with the Hamiltonian operator. But this challenge is also an
2 For a different scenario, adopting however an analogous perspective on role played in the analysis by operators such as q0,q1,pi0,pi1 , see Ref. [31].
3 This challenge is already present (though in simpler form) in the original commutative-spacetime setting for the covariant formulation of quantum me-
chanics. Indeed the Hamiltonian operator pi20−pi21 does not commute with q0 and q1 (see Eq. (5)).
5opportunity for the proposal we are here putting forward: indeed the heuristic arguments supporting one
or another ansatz for “δx" (the ones in Eqs. (1) and (2)) leave some key relativistic issues unanswered.
What does one really mean with the symbol δx? is that an uncertainty principle for spatial coordinates?
if so, is then the time coordinate immune to this uncertainty principle?
The conceptual perspective of the covariant formulation of quantum mechanics suggests that uncer-
tainty principles at the most fundamental level are not naturally formulated as uncertainty principles for
single coordinates: again this is due to the fact that a single coordinate (in our case x1 or x0) does not
commute with the Hamiltonian constraint and therefore is not a “complete observable" [29] of the theory.
We propose to remedy this by focusing on an operator, which we denote by A , that carries informa-
tion on the uncertainties in the spacetime coordinates but does commute with the Hamitonian-constraint
operator H :
A = eℓPpi0/h¯
(
q1−V q0−
1
2
[q0,V ]
)
(10)
where V is short-hand for the operator
V ≡
(∂H
∂p0
)−1 ∂H
∂p1
which turns out to be such that eℓPpi0/h¯V plays the role of speed of the particle [25].
In the classical limit this operator A reduces to the observable x1,cl − vclx0,cl (we place label “cl" on
quantities pertaining to the classical limit), so for the case of free particles we are here considering it
gives the intercept of the particle worldline with the x1 axis.
Because of the special properties of the specific combination of coordinates contained in A (particularly
the fact that A commutes with the Hamitonian-constraint operator H ) it is well suited for investigating
the issues on which we are here focusing. Our next task concerns assessing some properties of this
observable A , and specifically “gravity’s weight" on δA , i.e. the dominant ℓP-induced contribution to δA
which in light of our motivation is the key objective of this manuscript. [As announced, we are adopting
the working assumption that in the regime here of interest the effects of quantum-gravitational degrees
of freedom are all effectively encoded in the value of ℓP.]
One other point we need to specify in our formalization of the problem concerns the distance between
source and detector. As emphasized in our opening remarks, the main opportunities provided by searches
of anomalous blurring of images of distant quasars should exploit the “amplifying effect" of the gigantic
distance of propagation from the source (quasar) to our detector (telescope). We introduce a dependence
on this amplifier by making implicit reference essentially to gaussian states peaked at x¯1, x¯0, states which
we interpret as describing the case of a particle emitted from a (fuzzy [26]) point with coordinates x¯1, x¯0
in the observer’s reference frame. Our first objective is to show that the ℓP-induced contribution to the
uncertainty δA grows with x¯1, x¯0, which will fit with the expectation that ℓP-induced fuzziness grows as
the particle propagates over longer and longer distances.
6Postponing a more technical analysis [25], we shall be here satisfied observing that the form of Eq. (10),
keeping in mind in particular that we are describing x1 as x1 = eℓPpi0/h¯ q1 and p0 as p0 = pi0, suggests that
in the limit of ultralarge x¯1 (and accordingly ultralarge x¯0) the dominant ℓP-induced contributions must
be of order
δA
∣∣∣
grav
∼
ℓP
h¯ δp0 x¯1 . (11)
All other contributions to δA
∣∣∣
grav
are either suppressed by higher powers of the small scale ℓP or do not
benefit from the “amplification" effectively provided by the large value of x¯1 (which is indeed very large
for the applications we are here interested in, such as observations of distant quasars). Eq. (11) is the main
outcome of the analysis we are reporting in this manuscript. The residual tasks we have concern making
contact with the previous heuristic suggestion for the outcome of such analyses, which we summarized in
Eqs. (1)-(2), and reassessing the outlook of searches of anomalous blurring of images of distant quasars
on the basis of this observation.
As stressed above, we feel that our characterization of spacetime fuzziness through δA is more power-
ful than the generic characterization in terms of a “δx" given in formulas such as (1) and (2). Still we can
make some contact between the two characterizations by restricting our focus on cases of propagation of
massless particles such that δx1 ≫ δx0 (for some specific observer). In such cases one concludes from
Eq. (10) that
δA
∣∣∣
m=0;δx1≫δx0
∼ δx1 , (12)
which we establish also using the fact that for massless particles the uncertainty in V vanishes.
In this regime of validity of (12) we can rewrite our more general result (11) as follows
δx1
∣∣∣
grav
∼
δp0
MP
x¯1 (13)
where we replaced h¯/ℓP with the Planck scale MP, as already done for Eq. (2).
Let us incidentally notice that (13) could have been guessed on the basis of the noncommutativity
relation [x1,x0] = iℓPx1, whose form suggests δx1 δx0 ∼ ℓPx¯1; indeed assuming δx0 ≃ h¯/δp0 (saturating
the Heisenberg uncertainties, as for gaussian states on the Hilbert space) one obtains from (13) that
δx1
∣∣∣
grav
∼
δp0
MP
x¯1 ∼
ℓP
δx0
x¯1 (14)
For what concerns the comparison of our Eq. (13) with the heuristic estimates summarized in Eqs. (1)
and (2) we should start by stressing that none of those parametrized heuristic estimates of worldline
fuzziness corresponds exactly to our result. But for the mentioned phenomenology, looking for effects
blurring the images of distant quasars [15–18], even rough agreement with the estimates (1) or (2) can be
7of encouragement. We notice that to the extent that one could argue for δp0 . p0 it would be possible to
infer from (13) that
δx1
∣∣∣
grav
∼
δp0
MP
x¯1 .
p0
MP
x¯1 . (15)
So there is a rough agreement between our model of spacetime fuzziness and the heuristic estimate (2)
for the case α = 1, though our model suggests that (2) with α = 1 should significantly overestimate the
fuzziness (since in general we should expect δp0 < p0).
In spite of finding only this rough agreement with the case α = 1 for Eq. (2), we feel that we here
provided valuable new tools for attempting to exploit the opportunities available on the phenomenology
side. The level of fuzziness predicted by (15) is truly minute on terrestrial scales: for example for a
particle with p ∼ 100GeV propagating from preparation to detection over a distance of, say, x ∼ 106m,
testing our description of worldline fuzziness would require timing at the detector with the unrealistic
accuracy of ∼ 10−20s. And yet, as stressed in the opening remarks, these scenarios can be tested if we
use the whole universe as a laboratory. This is what emerges from the estimates given in Refs. [17, 18]
for the associated blurring effects on the images of distant quasars, relying only on some apparently
prudent assumptions concerning the implications of worldline fuzziness for an effective randomization
of the phase of a classical wave (such as the light wave emitted by a quasar).
The work we here reported strengthens the case for this phenomenological program, previously de-
scribable only through heuristic derivations, since we have provided a manageable framework for rig-
orous derivation of predictions that can be tested phenomenologically. The next natural task will be
to find ways of describing a wave equation within our spacetime-noncommutativity setup, so that the
link from worldline fuzziness to an effective randomization of the phase of a classical wave, assumed in
Refs. [17, 18], can also be rigorously scrutinized.
And of course while the specific type of 3D-gravity-inspired model here adopted would favor a scenario
somewhat similar to (2) with α = 1, we are not implying that other values of α in (2) or the (1) possibility
should be disregarded. On the contrary we believe that, in light of the rare phenomenological window
that could be exploited, all of these pictures should be further investigated. We did however here “raise
the bar" for such studies: for (2) with α 6= 1 and for the (1) case we feel that the most urgent issue is now
finding corresponding manageable quantum-spacetime models, suitable for taking also the study of those
possibilities at least one step beyond the level of semiheuristic estimates.
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